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This work concerns with the radiation effects on rotating boundary layer flow of an electrically
conducting incompressible fluid over a nonlinear stretching surface. The viscous fluid fills the porous
space. The flow is permeated by a constant magnetic field applied in the transverse direction. Two
types of temperatures are prescribed to the surface. The resulting problems of velocity and tempera-
ture are obtained using the homotopy analysis method (HAM). Convergence of the developed series
solutions is carefully checked. Graphical results of the velocity and temperature fields for various
values of the parameters of the problems are presented and discussed.
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1. Introduction

Nonlinear equations play an important role in the
study of physical phenomena. In general, the problems
in fluid mechanics are nonlinear. In most cases it is dif-
ficult to solve such nonlinear problems not only an-
alytically but numerically also. However, the analytic
solutions of the nonlinear flow problems are rare even
under the simplified assumptions. Therefore the con-
struction of an analytic solution to a nonlinear problem
is an important task. Currently, the homotopy analysis
method (HAM) introduced by Liao [1,2] is regarded
an effective tool for the analytic solutions. This method
has been successfully applied to many nonlinear prob-
lems [3 —20]. All these studies verified the validity and
flexibility of HAM. It is noticed that HAM does not
depend upon any small or large parameter.

It is well known that radiative magnetohydrody-
namic (MHD) flows arise in electrical power genera-
tion, astrophysical flows, solar power technology, and
other engineering and industrial applications [21,22].
Motivated by such facts, Raptis et al. [23] studied the
effect of thermal radiation on the flow of a viscous fluid
past a semi-infinite plate. In continuation, the purpose
of the present investigation is to study the influence of
thermal radiation on MHD rotating flow over a nonlin-
ear stretching surface. An incompressible viscous fluid
fills the porous space. The nonlinear flow problem is

formulated. Two sets of boundary conditions regard-
ing the temperature are imposed. Series solutions of
velocity and temperature distributions are constructed.
Graphs are displayed and analyzed for the various pa-
rameters of interest.

2. Mathematical Formulation

Consider the steady flow of a MHD viscous fluid
with heat transfer past a flat surface. The surface at z =
0 is stretched nonlinearly in x-direction. Both fluid and
surface are rotating with constant angular velocity Q
about the z-axis taken normal to the surface. A uni-
form magnetic field is applied in the z-direction. This
gives rise to magnetic effects in x- and z-directions.
Heat transfer analysis is taken into account and all fluid
properties are chosen constant. The magnetic Reynolds
number is assumed small and the induced magnetic
field is neglected. Under the aforementioned assump-
tions the equations governing the flow are
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In above equations u, v, and w are the velocity compo-
nents in x, y, and z-directions, o is the electrical con-
ductivity, v (= %) is the kinematic viscosity, t is the
dynamic viscosity, p is the density, p is the modified
pressure including the centrifugal force term, ¢ is the
porosity, k is the permeability of the porous medium,
cp is the specific heat, T is the temperature, k| is the
thermal conductivity of the fluid, and ¢ is the radiative

heat flux.
@ 2
dy

The dissipation function @ is
b =2 @ 2_|_ &2_’_ a_wz_i_l &_ﬁ.
—H\ox dy 0z 2 \ox
+1 a—w+@ 2+1 @+a—w 2 (6)
2\dy 9z 2\dz dx) |
By Rosseland approximation of radiation for an opti-

cally thick layer one may write

40* oT*

3k* dz ™

qr =
where o* is the Stefan-Boltzmann constant and k* is
the mean absorption coefficient. We express the term
T* as a linear function of temperature in a Taylor series
about T, and neglect higher terms, therefore we have

®)

The boundary conditions suggested by the physics of
the problem are

T4~ 473T - 372

v=0,
v—0 as z— oo,

U=y = cx",

u—0,

w=0 at z=0,

9)
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in which c and n are the parameters related to the speed
of the stretching surface.

For the temperature we have the following two sets
of boundary conditions:

Case a: Constant surface temperature (CST)

T=Ty, atz=0,
(10)
T —T, as z— oo,
Case b: Prescribed surface temperature (PST)
T =Ty(=To+AxK) at z=0, an
T — T, as z —» oo,
where K is the surface temperature parameter.
By using the transformations
u:cxnf/(n)’ V:CXng(n)a
1) n-
n= C(n;‘: )XTIZ,
12)
cv(in+1) a1 n—1_, (
= — 2
7x {f(n)+n+lnf |
T-T,
6 =
) =7—F

the continuity equation (1) is identically satisfied
and (2)—(4) and (9) give

£ () = 2 )+ A () -
g - ()~ 0 (n) =,

() = =g (n)f )+ () () "
2 ) - Mg (n) ~ o5(m) =0,
f(0)=0, f(0)=1, g(0)=0, (15)
f —0,g—0 as N — oo, (16)

where
,  20Bj} o Q
cp(n+1)xn=17 exi=l’ (17

0= 2vo

ck(n+1)xn=1
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The shear stresses at the surface in x and y-directions
are

Ty = CU (18)

Tyz =Ccl (19)
Now (5), (10), and (11) lead to the following problems
of temperature:

Case a: Constant surface temperature (CST)
(3Rq+4)8" () + 3PrRq |6/ () (n) o0)
+ Ee{f"(m) +¢*(m)}] =0,
0(0)=1, 6()—0, 20

and the rate of heat transfer is
ary , c(n+1) nt
At ( & ) = —Ar(Tyw — T)0'(0) v X
(22)
Case b: Prescribed surface temperature (PST)
(3Ra+4)6"(n) +3RaPro'(n)f(n)
2K
—3R4P "(n)6(n) =
aPr—==1'(m)6(n) (23)
—3RgPrEcx® K (f"2(n) +¢"(n)).
The above equation for K = 2n reduces to
(3Ra+4)6"(n) +3RaPro'(n)f(n)
4n
—3R.P / =
3RaPr——f (m)6(n) (24)
—3RaPrEc(f"(n)+¢"(n)),
0(0)=1, 6()—0. (25)
The local surface heat flux is
T
(%)
< T (26)
2K+n—1 cin
= —ArAx~ 7 0/(0) S

Here the Prandtl number Pr, the radiation parame-
ter Ry, the Eckert numbers Ec and Ec are given by

PI' — ﬁ’ 4= ﬂ7
ki 406*T3
) 2 (27
Ec = w Fc=—.
cp(Tw —T)’ Acp
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The analytical solutions of the governing nonlinear
problems consisting of (13)—(16) and (20), (21), (24),
and (25) will be presented in the next section by em-
ploying a homotopy analysis method (HAM).

3. Analytical Solution of Velocity f(1)

For HAM solutions we select the initial approxima-
tions

fo(m)=1—exp(=n), go(n)=mnexp(-n) (28)
and the auxiliary linear operators
Le=f"~f, Ly=g"—g, (29)
Li(Cr1e"+C+C3e7 M) =0,
f(Cre" +Ca+Cie™ M) 30)

Lo(Cse +Cse™ M) =0,

where C; (i = 1-5) are arbitrary constants. Denot-
ing p € [0,1] an embedding parameter and 7if, fi, the
nonzero auxiliary parameters, we get the following
zeroth-order problems:

(1 p)Lelf(n:p) —
= pheNe[f(n:p),

(1-p)L [A§( p)—8go(1)] (32)

= phgNg[f(n;p),8(M:p)],
f0:p)=0, F(0:p)=1,
g(0;p) =0, g(eosp) =0,

N R A f(n:
Nilf(n:p),8(n:p)] = %
2 (Af(ip)\*
n+1<—an )+f(n p)

41 ,9f(n:p)
+? gnp)—M an -0

9°g(n:p)
on?

+f(n:p)

fo(n)]

31
g(n;p)l; oy

7 -

(34)

22f(n;p)
on?

of(n:p)
an

)

Ne[£(n:p).8(n:p)] =
20, df(nip)
- (77 P) an
4/1 of(Mip) o
it o M g(m:p)
For p=0and p =1, one has
8(n:0) =go(n)
g(n;1) =g(n).

3?(77217) (35)
an

0g(n;p).

(36)
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When p increases from O to 1, f(n;p), g(n;p) varies
from the initial guesses fy(7n), go(n) to the solutions
f(n), g(n). By Taylor’s theorem and (31) and (32) we
can write

Fnp) = fom) + i ful)P".

(37)
(77 p + Z gm 7
_ 1 9"f(n;p)
Jm(n) = m omm |
e p=0 (38)
_ 1 9"g(msp
gm(N) = m! anm p:()’

where the convergence of the series (37) depends
upon /ir and /iz. We choose 7 and /ig in such a way
that the series solutions (37) are convergent at p = 1,
then due to (37) one obtains

500 = o)+ X fuln

oo (39)
g(m) =go(n)+ Y gm(n)
The mth-order deformation problems are
Lilfn(N) = o1 ()] = eRY, (1), (40)
‘Cg[gm(n)_)cmgmfl(n)} :thlgn(n)v (41)
fm(n)zov frln(n):()v gm(n)zov (42)
fn(22) = 0 and gm(e0) =0,
f
Rin(M) = fu1 — n+1 Z Smo1-ifx
m—1 m (43)
+ Y foif+ pen T L —Mfr =i,
k=0
m—1
RE(M) =gm-1— Z Sm1-kfr
T fuiash - —lf’ ~Mgn1—¢ -
= m—1—k8k n+1 m—1 8m—1 8m—1;
_ 0, m<1, 45)
Xm = 1, m>1.

The above problems up to few order of approximations
have been solved by the symbolic computation soft-
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ware Mathematica. The series solutions are
m+1 m+1—n

X X

n=0 ¢g=
m+1m+l —n

8m(77) = Z Z bZLn’?qCXP(—”T]), m 2 0.

n=0 ¢=0

af, ,n?exp(—nn),
(46)

We can calculate all the coefficients az, , and by, , using
only the first few,

0

ajo=1, ap,=-1, by;=1, (47)

given by the initial guess approximations for the solu-
tions f(n) and g(n) in (28). The corresponding Mth-
order approximations of (31)—(33) are

n)= i Jm(N) =
M+1

M m+l-n
Jim [Zamo—l—z e_"r’< ) ah ﬂ
m=n—1 g=0

(48)

= Z gm(n) =
=0
M M1 M omdon (49)
lim [Zb(,)mo—kZe_"”( Yy, )}
Moo m=0 n=1 m=n—1 g=

4. Analytical Solution of Temperature 6(1)

Case a: Constant surface temperature (CST)
For this case the initial guess (6y) and operator Ly
are defined by

60(n) = exp(=n), (50)

Log=0"-06, (51)
where

Lo(Cee"+Cre7M) =0 (52)

and Cg, C7 are the arbitrary constants. The zeroth and
mth-order problems are given by

(1-p)Le[0(n:p) — 60(n)]
= R ~ (53)
= pheNg[0(n:p), f(M:p), &(M:p)],
0(0:p) =1, B(co1p) =0, (54)
No[0(n:p), F(n:p), 8(n;p)] =
9*0(n;p) & 28(n:p)
(3Rd+4)87nz+3RdPrf(T],p)T (55)
2 (. 2 ~ o 2
+3RdPrEc{ 9°f(:p) J;(T;’z’p)} +{78g((9137,p)} }
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L6[60m(1) — XmOn—1(n)] =heRE(N),  (56)
Om (0) = 0, 6n () = 0, (57)
RY(1) = (3Ra+4)6),_1 (1) +3RyPr

(58)

O Bl + g sk
The mth-order problem has the solution of the form
m+1 m+1—n

Om(n) = Z Z

n=0 ¢=0

cnan?exp(—nn), m=>0, (59)

where we can calculate all the coefficients ¢}, , using
only the first few:

Qo=coo=0, ;=1 (60)
The temperature field is of the form
6(n) =Y. 6m(n) =
m=0
M+1 M m+1-n (61)
11m Z%o"‘Z e_"r’< Z Z Chon )]
m=n—1 g=

Case b: Prescribed surface temperature (PST)
Employing the same methodology as in case (), the
solution here is

n) = i Om(1) =
fa o £ )]

m=n—1 g=0

(62)
hm

5. Convergence of the Analytical Solution

The explicit analytical solutions in (48), (49), (61),
and (62) involve fit, hg, and ig which give the conver-
gence region and rate of approximation for the HAM
solution. The %-curves are plotted for the 15th-order of
approximations for the dimensionless velocity compo-
nents f/, g, and temperature 6 in Figure 1. We note
that the respective range of admissible values of /g, /g,
and fig is —0.83 <7y < —0.1, —0.75 < /iy < —0.3, and
—0.45 < g < —0.05.

6. Results and Discussion

This section illustrates the effect of varying some
interesting parameters on the velocity and temperature
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Figs. 1. (a), (b): h-curves for the 15th-order approximation
whenn=0.5,M =1, A =1, ¢ =0.5; (c): ig-curve for the
15th-order approximation when n = 0.5, M = 0.1, A=0.1,
¢ =0.5,Pr=0.5R34=0.1, Ec=Ec=0.1.

profiles. For that Figures 2 — 12 have been sketched. To
be more specific, attention has been given to the vari-
ations of n, the Hartman number M, rotation param-
eter A, porosity parameter ¢, Prandtl number Pr, ra-
diation parameter Ry, and Eckert numbers Ec and Ec
on the velocity and temperature fields, respectively. In
order to see the effects of n, the Hartman number M,
the rotation parameter A, and the porosity parameter ¢



766

0.6

1o

0.4

0.6

o

0.4

0.6

L]

0.4

T. Hayat et al. -
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Figs. 4. Effects of A on f" and g whenn=35,M =1, ¢ = 0.5, lir = hy = —0.3.
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Fig. 6. Effects of n on @ when Pr=1, Rgy=1, M =1, ¢ =0.5, Ec = 1, Ec = 0.5, lig = —0.3 for CST and PST cases,
respectively. Here A = 1 in (a) and A = 0.2 in (b).
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Figs. 7. Effects of M on @ when Pr=1, Rgy=1,n=35, ¢ =0.5, Ec =1, Ec =1, fig = —0.3 for CST and PST cases,
respectively. Here A = 1 in (a) and A = 0.5 in (b).
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Figs. 8. Effects of A on @ when Pr=1,Rg=1,M =1, ¢ =0.5, Ec =1, Ec=0.5, hig = —0.3 for CST and PST cases,
respectively. Here n = 5 in (a) and n = 3 in (b).
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Figs. 9. Effects of ¢ on 6 when Pr=1,Rq=1,M=1,A =1, Ec=1, Ec = 0.5, g = —0.3 for CST and PST cases,
respectively. Here n =5 in (a) and n = 3 in (b).
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Figs. 10. Effects of Pron @ when M =1, Rg=1,A =1, ¢ =0.5, Ec = 0.5, Ec = 1, fig = —0.3 for CST and PST cases,
respectively. Here n =5 in (a) and n = 3 in (b).
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Figs. 11. Effects of Rgon @ when Pr=1, M =1, A =1, ¢ =0.5, Ec =1, Ec = 1, fig = —0.3 for CST and PST cases,

respectively. Here n =5 in (a) and n = 3 in (b).
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Figs. 12. Effects of Ec and Ec on 6 when Pr =1, Ri=1,M=1,A=1, ¢ =0.5, ig = —0.3 for CST and PST cases,

respectively. Here n =5 in (a) and n = 3 in (b).

on the velocity components f’ and g, we prepared Fig-
ures 2 —5. Figure 2 shows that there is a small change
in f’ by increasing n. However, there is a significant
change when n is changed and M, A, and ¢ are fixed.
This figure indicates that the magnitude of g increases
by increasing n. The effect of the magnetic force M on
the flow velocity f’ and g are shown in Figure 3. The
effect of M on f’ and g is significant here. We conclude
that an increase in M leads to the decrease in f’ and in-
crease in g. The variation of A on f’and g is shown in
Figure 4. This figure shows that f’ decreases. The be-
haviour of A on the magnitude of g is quite opposite
of f'. Figure 5 depicts the effects of the porosity pa-
rameter ¢ on f’ and g. It is found that the effect of the
porosity parameter on f’ and g is similar to that of the
Hartman number M.

Figures 6a— 12a show the behaviour of various pa-
rameters on the temperature profile for the CST case.
Figure 6a indicates that 6 decreases for large values

of n. Figures 7a and 8a depict that the temperature dis-
tribution increases when M and A increases. Figure 9a
illustrates the variation of porosity parameter ¢ on the
temperature 6. It is found that 6 increases as ¢ in-
creases. The effect of varying the Prandtl number on
the temperature profile is sketched in Figure 10a. Here
6 decreases as Pr increases. The influence of the ra-
diation parameter Ry on 8 is shown in Figure 11a. It
can be seen that an increase in Ry parameter leads to a
decrease in 6. The influence of the Eckert number Ec
on temperature field is illustrated in Figure 12a. It de-
scribes that 0 is an increasing function of Ec.

Figures 6b— 12b are plotted to see the effects of the
above mentioned parameters on the temperature profile
for PST case. Figure 6b depicts the effect of n on 0. It
is noted that this figure shows the similar results when
compared with Figure 6a. Figure 7b has the same be-
haviour as compared to the CST case. However, the
increment is large compared with the CST case. Fig-
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sures 8b and 9b show an increase in temperature as
the rotation and porosity parameter increases. But this
increment is large compared with the CST case. Fig-
ure 10b displays the same behaviour as in the CST
case. However, this decrement is small compared with
Figure 10a. Figures 11b and 12b have the same results
as in the CST case.

7. Concluding Remarks

In this paper, we have sought to determine how the
effects of radiation on MHD rotating flow of a viscous
fluid over a nonlinear stretching sheet are analyzed.
The series solutions for the velocity and temperature
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